This letter studies a simple nonautonomous chaotic circuit constructed by adding an impulsive switch to the RCL circuit. The switch operation depends on time and on state variable through a refractory threshold. The circuit exhibits various chaotic attractors, periodic attractors and related bifurcation phenomena. The dynamics can be analyzed using 1-D return map focusing on the time-dependent switching moments. Using a simple test circuit model typical phenomena are verified in PSPICE simulations.
Introduction
This letter studies chaotic dynamics of a simple nonautonomous circuit based on integrate-and-fire dynamics [1] - [7] . The circuit is constructed by adding an impulsive switch to the RCL circuit. The switch operation depends not only on periodic-pulse train input but also on capacitor voltage. This switching can cause chaotic behavior. It implies that this time-state-controlled impulsive switch can change the RLC circuit into a chaotic circuit with rich dynamics [6] . The chaotic attractor can co-exist with periodic and/or equilibrium attractors and the circuit exhibits either attractor depending on the initial state. The circuit has refractory threshold that controls switching frequency. As the threshold varies the circuit exhibits bifurcation phenomena of chaotic and periodic attractors. The dynamics can be analyzed using 1-D return map focusing on time-dependent switching moments. Using a simple test circuit model typical phenomena are verified in PSPICE simulations.
Motivations for studying this circuit include the following three points. First, the impulsive switching relates deeply to integrate-and-fire neuron models [1] - [3] and pulse-coupled neural networks [7] , [9] - [11] . These systems can exhibit a variety of synchronous/asynchronous phenomena and have interesting applications including associative memory [9] , [10] and image segmentation [11] . Second, the switching relates to stretching and folding mechanism to generate chaos and is applicable to wider class of two or more dimensional hyperchaotic circuits [8] . Third, the circuits configuration is simple and is suited to laboratory experiments. Our circuit may contribute to analysis of interesting bifurcation phenomena and application to flexible information processing. It should be noted that Ref. [6] has firstly presented this circuit and studies its chaotic behavior, however, has not discussed either refractory threshold or PSPICE simulation: this letter provides additional information of Ref. [6] .
Nonautonomous Chaotic Circuit
Figure 1(a) shows the objective circuit. If the switch S is open all the time, the circuit is the RLC circuit described by Eq. (1).
where the characteristic roots are assumed to be stable complex conjugate pair −δω ± jω:
In this case the state vector (v, i) can vibrate. In the figure U(t) is the periodic impulse-train input with period T .
where n is an integer. As illustrated in Fig. 1 (b) the switch S is controlled by the following two rules. Self-firing (ab. SFR): If v reaches a threshold V T then S is closed instantaneously and v is reset to the base voltage E holding the continuity property of v. Compulsory-firing (ab. CFR): If the impulsive input signal U(t) = V H arrives and v is higher than a refractory threshold V r then S is closed instantaneously and v is reset to the base voltage E holding the continuity property of v.
After the switching the dynamics is described by Eq. (1). In order to observe typical behavior in PSPICE simulations, we have used a test circuit shown in Fig. 2 . If CFR does not present the circuit exhibits an equilibrium attractor as shown in Fig. 3(a0) . As CFR is applied without the refractory threshold, the circuit can exhibit chaotic attractor as shown in Fig. 3(a1) . It implies that the impulsive switching changes the RLC circuit into chaotic circuit [6] . It should be noted that a periodic attractor Fig. 3 (a2) co-exists with the chaotic attractor and the circuit exhibits either attractor depending on the initial state. As V r varies this chaotic attractor can change into periodic attractors as shown in Figs. 3(b) to (d). With these periodic attractors the periodic attractor of Fig. 3(a2) can coexist. For V r > 0, stable equilibrium point can also coexist with these periodic attractors. Figure 4 shows some timedomain waveforms in PSPICE simulation.
Return Map
In order to extract essential parameters we derive a dimensionless equation. Using the following dimensionless variables and parameters: 
Equations (1), (4), and (5) are transformed into:
dτ . This equation has four parameters: the damping δ, refractory threshold a, the base level q and the pulseinterval d. In the original circuit, δ, a, q and d can be controlled easily by R, V r , E and T , respectively. Equation (7) has the following exact piecewise solution:
where (x(0), y(0)) T denotes an initial state vector. For simplicity we fix δ and q as the following:
For these parameter values the circuit exhibits an equilibrium attractor in Fig. 3(a0) if CFR is not present. Using the piecewise exact solution we have confirmed typical phenomena similar to PSPICE simulation results in Fig. 3 .
In order to analyze the phenomena, we define the 1-D return map. As shown in Fig. 5 let L B = {(x, y)| x = q} and let a point on L B be represent by its y-coordinate. We assume that a CFR occurs at τ = 0 and consider a trajectory started from a point y 0 ∈ L B at τ = 0. If CFR occurs at some positive time τ = md then the trajectory is reset to a point y 1 ∈ L B . In this case we define 1-D return map by Eq. (9) .
If x < a at τ = n and CFR dose not occur then the trajectory converges to the equilibrium point and we introduce a formal definition of the 1-D return map by Eq. (10) . If there exists some subset I e ⊂ L B such that all the trajectories started from I e converge to the equilibrium point then we refer to I e as an empty set. For y 0 ∈ I e the map has no orbit. The return map can be calculated precisely using the piecewise exact solution [6] . Figure 6 (a) shows a return map for the circuit without V r (a = −∞). In the map we can see stable fixed point y p1 and chaotic orbit corresponding to co-existing periodic and chaotic attractors in Figs. 3 (a2) and (a1), respectively. In order to characterize attractors we define Lyapunov exponent of the return map:
This exponent can be calculated using exact piecewise solutions for sufficiently large N (e.g., N = 10000). Chaotic attractor is characterized by positiveness of this exponent as shown in the caption of Fig. 6(a) . As a increases, the shape of the return map changes as suggested in Figs. 6(b) to (d). It should be noted that the stable fixed point y p1 remains in these figures. In Fig. 6 (b) the chaotic orbit disappears and the map has a stable fixed point y p2 corresponding to the periodic attractor in Fig. 3(b) . The map exhibits either y p1 or y p2 depending on the initial value of y 0 . In Fig. 6 (c) the y p2 disappears and the map has a stable periodic orbit with period 2 having negative Lyapunov exponent. This periodic orbit corresponds to the periodic attractor in Fig. 3(c) . In Fig. 6(d) we can see two stable fixed points and an empty set from which the trajectory converges into the stable equi- librium point. The stable fixed point y p3 corresponds to the periodic attractor in Fig. 3(d) . Figure 7 shows bifurcation diagram with Lyapunov exponent. This numerical calculation is performed by increasing a from a = −1 where the map exhibits chaotic attractor as in Fig. 6(a) . These phenomena just show an outline of rich dynamics. Depending on parameter values the number of discontinuity points † changes and the map can cause complicated bifurcation phenomena. However, analysis of the phenomena is hard so far. † Roughly speaking, there are two types of discontinuity points. The first type (e.g., D 1 in Fig. 6(a) ) corresponds to grazing trajectories with threshold x = 1 as discussed in [6] . The second type (e.g., D 2 in Fig. 6(b) ) corresponds to intersecting trajectories with refractory threshold x = a at pulse-input moment τ = md.
Conclusions
We have studied a simple nonautonomous spiking circuit with a refractory threshold. The circuit can exhibit various of chaotic and periodic attractors. Typical phenomena have been verified by PSPICE simulation and precise numerical experiments based on 1-D return maps. Future problems include analytical description of return map, classification and analysis of bifurcation phenomena and application to pulsebased signal processing.
